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Kaplansky obtained the number of ways of selecting k balls from n balls 
arranged in a line without two selected ones being consecutive. Here his result is 
generalized to the case of any number of lines where each line can contain any 
number of balls. Several interesting corollaries are derived; one of them reduces to 
a result of Konvalina’s. 0 1984 Academic Press, Inc. 
1. INTRODUCTION 
Kaplansky [l] proved that 
forO<k<n+ 1 
otherwise, 
where f(n, k) denotes the number of ways of selecting k balls from n balls 
arranged in a line (called an n-line) without any two selected balls being 
consecutive. Recently Konvalina [ 2] proved that 
n+l-k-2i 
k - 2i 
forO<k<nand2k-2<n 
0 otherwise, 
where g(n, k) is the number of ways of selecting k balls from an n-line 
without any two selected balls being separated by exactly one ball which can 
be either selected or not. 
Noting that an n-line consists of an [n/2\-line of balls in odd-ordered 
positions and an ]n/2]-line of balls in even-ordered positions, where 1x1 (Ix]) 
denotes the smallest (largest) integer not less (greater) than x, we realize that 
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Konvalina’s problem is equivalent to the problem of selecting k balls from an 
[n/21-line and an /n/21-line without two selected ones being consecutive. 
In this paper we generalize Konvalina’s result in two aspects. We first 
extend the study from two lines to m lines for general m. We also allow the 
lines to have arbitrary lengths. Note that the special case that the lengths of 
any two lines differ by at most one corresponds to the problem of selecting k 
balls from an n-line without two selected ones being separated by exactly 
m - 1 balls. 
The standard conventions for binomial coefficients, i.e., for a and b 
positive integers, 
are adopted in this paper. Note that (i: ) = 0 if 0 < a < b, and that Pascal’s 
identity 
holds for all integers x and y, 
2. THE MAIN RESULTS 
For m>l, n,>O for I<i<m, and O<k<n=n,+...+n,, define 
AZ@ i,..., n,,,, k) to be the number of ways of selecting k balls from m lines of 
lengths n, ,..., n, without two selected balls being consecutive. Then it follows 
immediately from Kaplansky’s result that 
f,(n 1 ,..., n,, k) = 
Note that we can extend the definition of&(n i ,..., n, , k) to all integers k and 
the above equality is stil true, since for all k > n or k < 0 the sum is over an 
empty set and the value of the function is 0. 
For any integers n and k define 
F(n,k)= (n+:-k). 
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Note that F(n, k) differs from f,(n, k) for k > n + 1. We also define for 
m > 2 and any integers n,,..., n, and k 
F,tn, ,..., %, , k)= -j- (-l)“(S)+ISI 
+ 
i+m-2 
SFhf i>O i 
xF(n-22n(S)-4JS1-4i,k-n(S)-2jSI-2i) 
where A4 is the set {l,..., m}, n(S) = Cics n,, and PI = n(M) = Cyz, n,. The 
main result of this paper is 
THEOREM 1. f,(n, ,..., n,, k) = F,(n, ,..., n,, k) for m > 2 and non- 
negative n, ,..., n,. 
COROLLARY 1. Suppose that n, < n2 and 2k - 2 Q n. Then 
fib n2, 4 = 
n+l-n,-k-2-2i 
k-n,-2-2i 
\ 
Proof: Straightforward. I 
if n, is odd. 
COROLLARY 2. 
ProoJ Immediate by setting n, = I,..., n, = 1 in Theorem 1 and noting 
that 
f,(L..., 1, k) = (; ), 
F”,(l)..., 1, k) = 2 (;)(-ly+j c (i+mm;2) 
j=o J i>o 
COROLLARY 3. Let m > 2 and n, >, 0 for 1 < i Q m. If k > C;“=l [nJ21, 
then F&z,,..., n,, k) = 0. 
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Pro05 For k so large, there is no way of selecting k balls from m lines 
without adjacency. I 
COROLLARY 4. Zf k < 1 + min, n,, then 
f,(n, ,..., n,, k) = 2 
1>0 
’ + : 1 ii- 2i). 
Proof: Straightforward. I 
Two balls on an n-line are called s-separate if they have exactly s balls 
between them. Let r = n (mods + l), 0 < r < s. The number of ways of 
selecting k balls from an n-line with no two selected balls being s-separate is 
exactly f,+,(n ,,..., n,,,, k), where n, = ... = n, = [n/(s + l)] and 
- .,, zzn = [n/(s + l)]. If k < 1 + [n/(s + l)] then Corollary 4 
$&a simp~‘!ormula for calculating this number. Konvalina’s result [2] 
corresponds to the case s = 1. 
The number of ways of selecting k balls from m cycles of lengths n,,..., n, 
with exactly p pairs of selected balls being consecutive has been calculated in 
Hwang [3]. The number of ways of selecting k balls from a cycle of length n 
with p pairs of selected balls being s-separate has been calculated in 
Hwang [4]. 
3. PROOFS 
We prepare for the proof of Theorem 1 by giving several Lemmas. Note 
that F(n, k)=F(n - 1, k) +F(n - 2, k- 1) for all n and k, and that 
F,(n, k) = F(n, k) + (-l)“+’ F(-n -4, k-n - 2) may be different from 
F@, k). 
LEMMA 1. For m > 2 and any n, ,..., n,, k, we have 
F,,,(n,, n2,..., n,, k) 
= F,(n, - 1, n, ,..., n,, k) + F,(n, - 2, n, ,..., n,, k - 1). 
Proof. Let M’ = {2,3,..., m)- Rearranging, we obtain 
F,(nl, n,,..., n,, k) 
= ,& (-l)w)+lw c (i’ 7 -2) 
i>o 
1PS 
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= c (-l)n(S)+lsl 
a 
i+m-2 
SSM’ i>o i ) 
+ ,F; (-1) 
nw+nI+lSI+l 2 (i+y-2) 
i>O 
XF(n--n(S)-2n,-4IS]-4-4&k-n(S)-n, 
-2/S]-2-2i) 
= c (-l)"(s)+ ISI y- 
SEM' ik-o (i+y-2) 
x [F(n-l-*n(S)-4]SI-4i,k-n(S)-*IS]-2i) 
+F(n-2-2n(S)-4(S]-4i,k-l-n(S)-2JS~-2i)] 
+ c (-1) nw+n,+ ISI t 1 -y 
SSM’ iyo (i+:-2) 
x [F(n - 2 - *n(S) - 2(n, - 2) - 4 JSI - 4 - 4i, k - 1 - n(S) 
-(n,-2)-*ISI-2-2i) 
-F(n-1-2n(S)-2(n,-1)-4]S]-4-4i,k-n(S) 
-(n,-l)-2(SI-2-2i)]. 
The last equality follows from the aforementioned identity concerning 
F(n, k). The summation of the first term in the first bracket, together with the 
summation of the second term in the second bracket, gives us F,,,(n, - 1, 
n, ,..., n,, k). The summation of the rest gives F&z, - 2, n2 ,..., n,, k - 1). 1 
LEMMA 2. F,,,(O, n2 ,..., n,, k) = F,- ,(n2 ,..., n,, k) for m > 3. 
Proof. Let M’ = I*,..., m}. Using arguments similar to those in the last 
proof, we obtain 
F,,,(O, n2, n,, k) 
= 2 (-l)"wtlsl 
ii-m-2 
SSM’ i 
582J37/3-9 
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- r, (-l)“‘W~l r 
SEM’ is (i+:-2) 
XF(n-2n(S)-4(SI-4-4i,k-n(S)-2ISI-2-2i) 
= z (-l)w)+lSI -r 
S!GM’ 
iyo [ (j+y2)- (“:r”)l 
XF(~-~TZ(S)-~IS-~~,~-~(S)-~ISI-~~) 
XF(n-2n(S)-4(S(-4i,k-n(S)-2(5(-2i) 
= F,-l(n,,..., n,, k). I 
LEMMA 3. I;,(-2, n2 ,..., n,, k) = 0 for m > 2. 
Proof. We use arguments similar to those used in the last two proofs. 
F,,,(-2, n2 ,.-, n,,,, k) 
- c C-1) c3+ISI -q
SEM’ 
iyo (j+;-‘) 
x F(n - 2(n(S) - 2) - 4(lSl+ 1) - 4i, k - (n(S) - 2) 
-2(ISI + I)-2i) 
=o. I 
LEMMA 4. F,(O, 0, k) = ( f ), F,(O, 1, k) = F2( LO, k) = (:),for d k. 
Proof: 
= c F(0 - 4i, k - 2i) - c F(-4 - 4i, k - 2 - 2i) 
i>O l>O 
- c F(-4-4i,k-2--i)+ 2 F(-8-4i,k-4-2i) 
l>O I>0 
= F(0, k) - F(-4, k - 2) 
BALLSARRANGEDINMANYLINES 333 
If k < 0, both binomial coefficients are zero and F,(O, 0, k) = (i) = 0. If 
k = 0, 1, or 2, we can verify F,(O, 0, k) = (i). For k> 3, rewriting the 
binomial coefficients, we have 
F,(O,O,k)=(-l)k (2k;2)-(-l)L-2 (‘,“I;) =O=( 0). 1 
Similarly, we can prove F,(O, 1, k) = I;,( 1, 0, k) = ( : ). 
LEMMA 5. F,Jl,..., 1) = (T)jbr m >, 2. 
Proof First, we settle the case m = 2. 
F,(l, l,k)=F,(O, Lk)+F,(-1, l,k- 1) (by Lemma 1) 
=F,(O, l,k)+F,(O, l,k- I)-F,(-2, l,k-2) (by Lemma 1) 
= F,(O, 1, k) + F,(O, 1, k - 1) (by Lemma 3) 
= (:)+ (kll) 
I (by Lemma 4) 
For m > 3, we use induction. 
F,(L.., 1, k) = F,(O, l,..., 1, k) + F,(-1, l,..., 1, k - 1) (by Lemma 1) 
= F,(O, l,..., 1, k) + F,(O, l,..., 1, k - 1) 
- F,(-2, l,..., 1, k 2) - (by Lemma 1) 
= F,-,(l)..., 1, k) + F,,-,(l)..., 1, k - 1) 
(by Lemmas 2 and 3) 
= (m;l)+ (;I;) (by induction) 
LEMMA 6. F,(n,,n,,k)=f,(n,,n,,k),for n,,n,>O. 
Proof. We shall use induction on n = n, + n2. 
The cases 0 < n < 1 have been verified by Lemma 4. 
For n > 2, assume the lemma true for 0, l,..., n - 1. If n, = n, = 1, then 
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the lemma holds for n = 2 by Lemma 5. Otherwise, there is some ni, say n, , 
which is no less than 2. By Lemma 1 and the induction hypothesis, we have 
F,(n,,n,,k)=F&,- l,n,,k)+F,(n,--2,n,,k- 1) 
=f,(n,-l,n,,k)+f,(n,-2,n,,k-1). 
Considering the physical problem of selecting k balls from two lines of 
lengths n, and n2 without selecting consecutive pairs, we see that the first 
term is the number of selections where the first ball in the first line is not 
selected, while the second term is the number of selections where the first 
ball in the first line is selected. Therefore 
fdn,- Ln,,k)+f,(n,-Ln,,k- l)=.&(q,n,,k). I 
We are now ready to prove Theorem 1. 
Proof of Theorem 1. We shall proceed by induction on m. The case 
m = 2 has been settled in Lemma 6. 
For x > 3, assume the theorem true for 2 < m < x. We shall prove the 
theorem for m =x by another induction on n. 
First, consider the case when 0 < n 4 x. If some n,, say n, , is zero, then 
Lemma 2 and the induction hypothesis (on m) give 
F,,@, n 2,..., n,, k) = Fm-l(n,,..., n,, k) 
=fm--l(n,,..., n,,,, k) 
= f,(O, n, ,..., n,, k). 
On the other hand, if none of the ni is zero, then n, = -.. = n, = 1 and 
Lemma 5 settles this case. 
Now, for y > m = x, assume the theorem true for 0 < n < y. By Lemma 1, 
we have 
F,,,(q, n, ,..., n,, k) = F&z, - 1, n, ,..., n,, k) + F,&q - 2, n, ,..., It,,,, k - 1) 
=f,(n, - 1, n2,..., n,, k) +fm(nl - 2, q,..., n,, k- 1) 
= .Mn,, n2,..., n,, k). 
The last equality comes from the same consideration regarding the ball 
selection problem as in the last proof. 
This establishes the theorem for m =x and n = y and completes the 
inductions. I 
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4. AN ALTERNATE PROOF OF THEOREM 1 
It does not seem easy to prove Corollary 2 by direct combinatorial 
arguments. However, C. Mallows pointed out to us that Corollary 2 can be 
proved by using Lagrange’s theorem. The following is his proof. 
Define 
G(z)= (1 +z’)~ (1 -z’)I-~ (1 -z)*&-*-*. 
The coefficient of zk in G(z) is 
2 (-l)‘+” 
3J+2i+h=k 
(y)(l;y( ,,-,_,) 
= 5 c (-l)‘+h 
J=O i>O 
(Y)(‘;“)( F:3;5)) 
by using the identity 
(yx)=(-1)Y (y-1). 
But the coefficient of zk in G(z) can also be obtained by using Lagrange’s 
theorem (see [5, Sect. 7.321). This coefficient is (k + 1) times the coefficient 
of xk+’ in W(z) where x = z(1 - z)*, 
2 
w’(z)= (: I:,4 ( 
3 
(1 -gz2) 1 
m=g(l +x)“. 
So W(z) is simply (1 + x)~+‘/(RI + l), and the quantity we want is 
(k+ 1) xx::)=(;). 
Now that Corollary 2 has been proved independently of Theorem 1, we 
will use Corollary 2 to give a new proof of Theorem 1. The proof is by 
induction on n. We first note that if n, = 0, then 
f,(n,,...,n,,k)=f,_,(n,, . . . . n,,k), 
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Suppose that no n, > 1. Then 
= r;,( l)..., 1, k). 
by Corollary 2 
Thus we may assume without loss of generality that n, > 2. There are two 
ways of having a successful selection. Either the first ball of line 1 is not 
selected and the remaining selection of k balls is successful, or the first ball 
of line one is selected but not the second, and the remaining selection of 
k - I balls is successful. Therefore 
f,(n,, n, ,..-, n,,, k) 
=f,(n, - 1, n, ,... , n,, k) +fm(nI - 2, n, ,... , n,, k - 1) 
=F,,,(nI--l,n, ,..., n,,k)+F,,,(n,-2,n, ,..., n,,k-1) by induction 
= F,&, , n2,..., n,, k) by Lemma 1. 
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